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toward minimum drag. Finally, Fig. 6 compares the drag coefficients
for the pseudoinverse and minimum drag allocation schemes dur-
ing the maneuver. As expected, the minimum drag results are less
throughout the entire maneuver. When the steady-state conditions
are reached, the control deflections given by the minimum drag
allocation scheme resultin a 2.4% reductionin drag.

Conclusions

The example has demonstratedthat whereas direct control alloca-
tionitself presentsa powerfulapproachto solvingthe three-moment,
multiple control problem, it can also be modified, with relative ease,
to account for a larger four-objective, multiple control problem. In
this case, drag was considered a fourth objective, which the alloca-
tor was instructed to minimize. The minimization procedure here
is not the usual iterative/optimization algorithm; it simply allocates
toward this state. Whether it settles on a minimum drag state or not
depends primarily on the tasks that the aircraft is performing. In
the case of extended periods of inactivity where the control laws are
notdemanding extreme control deflections (like trimmed flight), the
allocation procedure does in fact achieve a minimum drag configu-
ration.
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Introduction

ONSERVATION laws play an important role in mechanics

from both a theoretical and a practical standpoint. They can
considerably simplify the integrationof the differentialequationsof
motion. Also, they can be regarded as the manifestationof some pro-
found physical principle. Although there are a variety of approaches
for finding conservationlaws, the most popular and modern method
is based on the study of the invariant properties of the Lagrangian
with respect to infinitesimal transformations of the generalized co-
ordinates describing the configuration of the system and time. This
approach is based on Noether’s famous theorem.! Noether’s the-
ory can be regarded as a generalization of the theory of ignorable
coordinates' although it is not usually treated from this viewpoint.

There exists a conservationlaw for conservative scleronomicsys-
tems, or for mechanicalsystems whose Lagrangianfunctionsare not
explicit functions of time. This conservation law is identical to the
conservation of energy if the kinetic energy of the system can be
expressedin a form quadraticin the generalized velocities. The con-
servationlaw can be obtained by redefining time as one of the gener-
alized coordinatesand using the theory of ignorable coordinates' or
by applying Noether’s theorem after an infinitesimal transformation
of time.!

It is well known that the linear momentum of a rigid body is a
conserved quantity in the absence of external forces. This conserva-
tion law can be obtained from the theory of ignorable coordinates!
by observing that the kinetic energy of the body is not a function
of the coordinates of the center of mass. Linear momentum conser-
vation can also be established by using Noether’s theorem' after an
infinitesimal translation of the coordinate system.

The angular momentum of a free rigid body (rigid body in the
absence of external forces and moments) is a conserved quantity.
If Euler angles are used for the description of orientation of the
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rigid body, however, this result cannot be obtained using the theory
of ignorable coordinates because Euler angles are not ignorable
coordinates. When the kinetic energy of the rigid body is expressed
in terms of its Eulerian motion, the derivation of the conservation
of angular momentum from the application of Noether’s theorem
is also not straightforward. As we address this problem, we arrive
at a new identity involving the Euler angles and their rates. Our
discussion is relevant to the theory of quasicoordinates? and the
identity obtained can be substituted into Lagrange’s equations to
establish angular momentum conservation.

Background

Consider a rigid body rotating about its center of mass described
with the help of two reference frames: the inertially fixed reference
frame xyz and the body-fixed reference frame x”'y"”’z"”. The origins
of both the frames are assumed to be coincident and fixed to the
center of mass of the rigid body. The orientation of the body-fixed
reference frame x”’y”’z”" with respect to the reference frame xyz
is expressed with the help of three Euler angles w, @2, and us.
The particular set of Euler angles used is not specified here for the
sake of generality. For the purpose of visualization,however, z-y-x
Euler angles («, 8, y) are used in Fig. 1 to describe the orientation
of x”'y""z"”" with respect to xyz.

Let w; and wp representthe angular velocity of the rigid body in
the inertially fixed reference frame xyz and in the body-fixed refer-
ence frame x”'y"”'z"”, respectively,and let ;o £ (1 2 u3)' denote
the vector of Euler angles. Let R(p) denote the orthogonal trans-

s

formation matrix between the x"'y”’z"" and xyz reference frames.
Then, the following relations hold:
ow
( ; ) N RT (1)
80)[

Also, the Euler angle rates, irrespective of whichever set of angles
we prefer to use, are related to the angular velocities w; and wg
according to relations of the form

w; =R(p) wg,

wp =R'K(pp )

In the case of z-y-x Euler angles («, 8, y), the matrix K(«, 8, y)
has the form

wr = K(p)p,

0 —sine cosacospf

K(a, B, y)é 0 cosa sinacosp 3)
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Fig.1 Description of z-y-x Euler angles (c, 3, 7).
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The column vectors of the matrix K (e, 8, y) are unit vectors that
provide the direction of the Euler angle rates «, 8, and y in the
inertial reference frame. For example, & has the direction of the unit
vector along the z axis. This unit vector, shown in Fig. 1, is the first
column vector of the matrix K in Eq. (3) and can be denoted as K.
The Euler angle rates 8 and y have the directions of the unit vectors
along the ¥ and x” axes, which form the second and third column
vectors of K, respectively. These unit vectors can be denoted as K,
and K3, respectively.

Euler Angle Identity
In this section we establish, for the first time, that the identity

R'K = %(RTKLZ) @)

is true for any arbitrary set of Euler angles. To prove the identity we
rewrite it in the form

. a Tor - .
K,=R— R Kpn), i=1,2,3 (5)
i

where K; represents the ith column vector of the matrix K € R3*3,
It can be easily shown that

b . )
—Kp)=—

T . 8 T . aR T .
(RR'Kji) =R—R"Kpn)+ | — |R'Kp
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Therefore, it follows that

d d oR .
R— R"Kfp) = — Kp) — | — |R'Kp
O O O

_ (20 _ (2R \ g
B (al’«i> (8Mi>R K ©

From Egs. (5) and (6) it now follows that Eq. (4) can be established
by proving

i=1,2,3 )

The left-hand side of Eq. (7) can be explicitly written as

K =0 (8a)
Kz =K, x K, (8b)
Ky = (juKy + fK>) x K; (8¢)

Equations (8a-8c) can be explained as follows. The Euler angles
L1, 1o, and 3 representa sequence of three rotations about the unit
vectors K, K, and K3, respectively. From the definition of Euler
angles, the unit vector K| is directed along one of the three axes,
x,y, or z. For example, in the case of z-y-x Euler angles the unit
vector K| is directed along the z axis. Therefore, K is a constant,
and K, = 0. The unit vector K, denotes the second axis of rotation
in the Euler angle sequence. Generally speaking, the direction of
K, is coincident with one of the three axes, x', y’, or z’, where x’,
y’, and 7’ are the new directions of x, y, and z after a rotation of
1 about K. The angular velocity of K, is, therefore, ;1 K; and,
hence, Eq. (8b) follows. In the case of z-y-x Euler angles («, 8, y),
shown in Fig. 1, K, has the same direction as the y’ axis where y’ is
obtained from y after a rotation of a about K or the z axis. The unit
vector K5 denotes the third axis of rotation and, generally speaking,
it is coincident with one of the three axes, x”, y”, or z”, where x”,
y”, and 7" are the new directionsof x, y, and z after a rotationof
about K| followedby arotationof , about K,. The angular velocity
of K3 can, therefore, be expressed as (1K, + (1,K;) from which
Eq. (8c) follows. For the z-y-x Euler angles («, 8, ), shown in
Fig. 1, K; has the same direction as the x” axis where x” is obtained
from x after a rotation of « about K, or z followed by a rotation of
B about K, or y'.
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The first term in the right-hand side of Eq. (7) can be simplified
by first writing the expression for the angular velocity vector wy,
from Eq. (2), as

w; = K, + (1K, + (13K 9

Clearly,w, isaweighted sum of the threeunit vectorsK;, K, and K.
Among these, K, has a fixed direction, the direction of K, depends
on the Euler angle 1¢;, and the direction of K5 depends on the Euler
angles | and u,. Therefore, a change in the Euler angle 11, results
in a change in the unit vectors K, and K3, a change in p, results
in a change in the unit vector K3, and a change in p; produces no
changein any one of the three unit vectors. Hence, the first term in
the right-hand side of Eq. (7) can be written explicitly as

ow a . . . .
(_I> = — (1K, + (13K3) = K X (1. K> + (13K3) (10a)

s e
80)[ d . .
— | = —(1:K3) = Ky X j13K3 (10b)
Oy Oy

(E> -0 (10¢)
o3

Equation (10¢) can be quickly verified for the z-y-x Euler angles
(o, B, y) by observing that the matrix K in Eq. (3) is not a function
of the Euler angle y.

The second term in the right-hand side of Eq. (7) can be written
as

oR
_8 = (K, xR, K, xR, K;xR5) (11)
Mi

where R; is the jth column vector of the matrix R. By substituting
Eq. (11), the second term in the right-handside of Eq. (7) now takes
the form

oR
o

—(K;, xR, K, xR, K, xRy)R'Kp

= —(K;x)RR"Kp
= —(K;x)Kp
=K, xK, K,xK K;xK)n (12)

where (K; x) represents the skew-symmetric matrix operator for a
rotation along the unit vector K;. Equation (12) can be explicitly
written as

R\ , . . .
- 8_ R KI,L = /.L2K2 X Kl + /.L-;K-; X Kl (133)
123!

R\ , . . .
— m R K[,L:/.LIKI XK2+/.L'5K'5 XK2 (13b)
2

R\ , . . .
- 8_ R KI,L:/.LIKI XK3+/.L2K2 XK3 (13(:)
3

The identity in Eq. (4) or Eq. (7) can now be established from
Eqgs. (8), (10), and (13).

Noetherian Perspective of Free Eulerian Motion
In simple words, Noether’s principle states that any infinitesimal
transformationof the position coordinatesthat leave the Lagrangian
unchangedleads automaticallyto a certain conservationlaw.! Under
zero external forces and moments, the Lagrangian of a free rigid
body is equivalentto the kinetic energy of the body and is given by
the relation

L=1iMvlv.+iwllzwy (14)
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where M and v, are the total mass and the velocity of the center
of mass of the rigid body, Iy represents the inertia matrix in the
body fixed reference frame and is a constant, and wp is the angular
velocity of the body and is a function of the Euler angles and their
rates. A changein the Lagrangianwith respect to the orientationand
the orientationrate can now be written as

oL oL .
= () o (1)
op opn
oL dwpg oL dwp .
= d d
(8w3>( 8u> “+(8w8>( M) *

= ( oL )[i(RTKp,)du +RTde,:| (15)
dwp 8[1;

where the expression wp = RTKj1 was substituted from Eq. (2).
From Eq. (2) we can additionally write

dw; =Kdp+Kdr p=Kdp+ Kdp (16)

By manipulating Eq. (15) and substituting Egs. (1), (4), and (16),
we get

aL\[ o . . ., .
dL = m(R Kf)dp + R (dw; — K dp)

80)3
oL d . oL

= — R K1) —RTK | dp + R" dw,
80)3 8[1. 80)3
aL

_ ( )dwg (17
80)3

Equation (17) implies that the Lagrangian of a free rigid body re-
mains invariant for infinitesimal changes in the orientation of the
body. On the basis of Noether’s theorem this implies that there exists
a conserved quantity. In the next section we show that the conserved
quantity is indeed the angular momentum of the rigid body.

Conservation of Angular Momentum

The Lagrangian of a free rigid body is equivalent to the kinetic
energy of the body and is given by the relationships

L=1Mvlv. +iwllpwp = sMvIv. + Jwilw,
(18)
A T
I[ :RIBR
where Iy and I; are the inertia matrices of the rigid body in the body-

fixed reference frame and the inertial reference frame, respectively.
From Eq. (18) it can be shown that

oL aL \ (9
=)= 25 ) —wl LR K=w',K=H'K (19)
apn dwp op

and
oL oL dw a
=)= 2 ) = Wil — (R K1)
op owp op op

= H{Ri(RTKp) (20)
op

A . .
where H; =1I,;w is the angular momentum vector expressed in
the inertial reference frame. In the absence of external forces and
moments, Lagrange’s equations can be written in the form

HE- e
dr\op op
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which after substitution of Egs. (19) and (20) and the identity in
Eq. (4) leads to

. 0 .
H'K = H,TR|:8—(RTKp) - RTK:| =0 (22)
17

Because the matrix K(u) is singular only for certain Euler angle
coordinates, whereas the relation in Eq. (22) is true for all values
of the Euler angles, we can conclude H; = 0. This implies that the
angular momentum of the rigid body is a conserved quantity.

Conclusion

The conservation of angular momentum of a free rigid body is a
well-known fact. When the rigid body is described in terms of its
Eulerian motion, however, this conservation law cannot be readily
established. We present a new identity involving Euler angles and
their rates. This identity provides a Noetherian perspective of free
Eulerian motion and readily establishesthe well-known fact that the
angular momentum is conserved.
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Trajectories via
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Introduction

ENETIC algorithms (GAs) are robust parameter optimization
techniques based on the Darwinian concept of natural selec-
tion. Genetic algorithms have been successfully employed to de-
termine both impulsive! = and low-thrust orbit transfers.* The sim-
plest form of a GA uses the three basic operators of reproduction,
crossover,and mutation. Populations typically range from 30 to 200
individuals® Here, the effectiveness of using micro-genetic algo-
rithms (uGAs) to determine near-optimal low-thrust trajectories is
investigated. Micro-GAs are GAs with populations typically fewer
than 20 individuals. Schemes for using GAs have been proposed®
and have been shown to be more effective (i.e., have fewer function
evaluations) than larger population GAs.”-8
The GA approachis extremely powerful at solving unconstrained
optimization problems; however, the extension to constrained opti-
mization remains a research issue. Two methods for handling con-
straints are studied. One technique enforces constraints through
equality constraintsappendedto the objectivefunction,* whereas the
second approach constrains the problem via inequality constraints?

Low-Thrust Problem Formulation

A control profile that minimizes propellant consumption while
satisfying specified boundary conditions is to be determined. The
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planardynamicsin polar coordinates(r, @) are givenin Eqs. (1-4).'°
The radial velocity is denoted by u, tangential velocity v, gravita-
tional constant of the attracting body ., initial mass m,, propellant
consumption rate 72, and time :

F=u 1)
6 =uv/r )
) .
i vt _%_’_ Tsm(¢.)) 3)
r r my — mt
i,:_ﬂJrM @)

r mg—rht

The control profile is given by the thrust magnitude T and thrust
direction ¢. Because a GA is a parameter optimization technique,
these continuous functions must be represented by a finite string of
numbers. Therefore, the entire trajectory is brokeninto discrete seg-
ments. The GA then determines the thrust direction and magnitude
at the beginning of each segment. The control is assumed constant
over a segment, and the equations of motion are integrated. The
total time required to complete the trajectory is fixed. In addition,
the propulsion system contains a constant power source such as a
nuclear electric engine and produces a constant thrust magnitude.
The optimal thrust magnitude profile for these types of propulsion
system typically consists of periods of burn arcs at maximum thrust
and periods of coasting. Therefore, the thrust magnitude is modeled
by a switching function modulating between on and off. The pro-
pellant consumption rate is supplied by Eq. (5), where the specific
impulse of the propellantis denoted by I, and the Earth’s gravity

by g:
m=T/gl (5)

GA Characteristics

Genetic algorithms were developed by John Holland and his stu-
dents in the 1970s,"" and a detailed description can be found in
Ref. 5. For the GA used in this study, the parameters in the thrust
profile (T and ¢) are converted into a finite length string of binary
characters. The engines are either on or off so that a single bit repre-
sentation is sufficient for the thrust magnitude representation. The
thrust direction resides between 0 and 360 deg. A 5-bit string is
used, providing a resolution of 11.25 deg.

The simple GA used in this study is similar to that described
in a previous low-thrust optimization study.* Tournament selection,
single point crossover,and mutation were used. The £ GA used tour-
nament selection and uniform crossover, and these two operations
continue until the population converges, typically every four to five
generations. Convergence is considered achieved when fewer than
5% of the total number of bits of each individual are different from
the best series of bits for that generation. Once this occurs, the best
solution is copied over to the next generation, and the remaining
population is again randomly recreated and the procedure repeats
itself. Uniform crossover was chosen because it has been shown to
be more robust than single point crossover for £GAs when treating
problems with multiple local minimizing solutions® No mutation
is used in GAs, because with the rapid convergence cycles muta-
tions do not have time to evolve before a new random populationis
introduced.

Constraint Introduction

Genetic algorithms are well suited to solving unconstrained opti-
mization problems of the form: Determine the vectorx of dimension
n to maximize the scalar function f(x). However, when m equal-
ity constraints on x are introduced, a uniform procedure for posing
the problem to GAs is not available. Here, two methods are inves-
tigated. In the following discussions, the m-dimensional vector of
constraints is represented by Eq. (6):

gx)=0 ©6)



